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�X :HQi2` 2i �X :mBHHQmt



P`;�MBb�iBQM

! G2b /Q+mK2Mib UbHB/2b /2b +Qm`b- +Q/2b Tvi?QM- 2i+V bQMi bm` K� T�;2r2#
?iiT,ffrrrXK�i?@2p`vX+M`bX7`fK2K#2`bf�;mBHHQmtfr2H+QK2

! SQm` K2 DQBM/`2 �;�i?2X;mBHHQmt!mMBp@2p`vX7`
! G2 +Qm`b 2bi 2M j T�`iB2b

! S�`iB2 R U�X :mBHHQmt- k bû�M+2bV , aBKmH�iBQMb /2 pX�X 2i Kûi?Q/2 /2 JQMi2
*�`HQ

! S�`iB2 k U�X :HQi2`- j bû�M+2b V , *?�ŗM2b /2 J�`FQp 2i J*J*
! S�`iB2 j U�X :mBHHQmt- R bû�M+2V , "QQibi`�T

! G2 +QMi`ƬH2 +QMiBMm b2 72`� 2M k T�`iB2b , mM .J U�p2+ +Q/2V bm` H� T�`iB2
R- mM +QMi`ƬH2 /ǶmM2 ?2m`2 TQm` H� T�`iB2 k

! oQmb /2p2x BMbi�HH2` Tvi?QM j �p2+ �M�+QM/� /Bbi`B#miBQM U= 9V pQB`
?iiTb,ffrrrX�M�+QM/�X+QKfT`Q/m+ibfBM/BpB/m�H
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*?�TBi`2 R , AMi`Q/m+iBQM
AMi`Q/m+iBQM ;ûMû`�H2
6QM+iBQMb /2 `ûT�`iBiBQM- 7QM+iBQMb [m�MiBH2b , p`�B2b 2i 2KTB`B[m2b
:ûMû`�i2m`b +QM;`m2MiB2Hb

*?�TBi`2 k, aBKmH�iBQM /2 p�`B�#H2b �Hû�iQB`2b
Jûi?Q/2 /ǶBMp2`bBQM
Jûi?Q/2 /2 `2D2i
�H;Q`Bi?K2 /2 "Qt 2i JmHH2` TQm` H2b ;�mbbB2MM2b

Jûi?Q/2 JQMi2@*�`HQ
S`BM+BT2
AKTQ`i�M+2 b�KTHBM;



*?�TBi`2 R , AMi`Q/m+iBQM



AMi`Q/m+iBQM ;ûMû`�H2 , MQi�iBQMb

! PM MQi2 s mM2 p�`B�#H2 �Hû�iQB`2 UpX�XV - BX2X mM2 �TTHB+�iBQM K2bm`�#H2 /2
(Ω, F ,P) /�Mb (1, E)X

! PM p� +QMbB/û`2` T`2b[m2 T�`iQm` [m2 1 = R 2i E = BR
! .�Mb +2 +�b- QM MQi2`� 6 H� 7QM+iBQM /2 `ûT�`iBiBQM U7X/X`XV /2 +2ii2 pX�X 2i-

bB 2HH2 2tBbi2Mi- 7 b� /2MbBiû- E(s) 2i V(s) b2b 2bTû`�M+2 2i p�`B�M+2X



AMi`Q/m+iBQM ;ûMû`�H2 , û+?�MiBHHQM 2i `û�HBb�iBQM

! 1M T`Q#�#BHBiûb- +QKK2 2M bi�iBbiB[m2- QM +QMbB/ĕ`2 bQmp2Mi /2b
û+?�MiBHHQMb sR, . . . , sM +QMbiBimûb /2 pX�X BM/ûT2M/�Mi2b 2i B/2MiB[m2K2Mi
/Bbi`B#mû2b UBXBX/XV QM /Bi �mbbB [m2 +2 bQMi /2b +QTB2b BXBX/X /2 s

! PM p� +?2`+?2` /�Mb +2ii2 T�`iB2 ¨ Q#i2MB` TQm` mM2 7X/X`X 6 /QMMû2 mM2
`û�HBb�iBQM

tR = sR(ω), . . . , tM = sM(ω)
/2 sR, . . . , sM

! +2H� b2`pB`� ¨ BHHmbi`2` +2`i�BMb `ûbmHi�ib /2 T`Q#�#BHBiûb- 7�B`2 /2b +�H+mHb
MmKû`B[m2b UBMiû;`�H2b- 2i+V- +2H� b2`i �mbbB 2M +`vTiQ;`�T?B2 T�` 2t2KTH2X



o`�B2 7QM+iBQM /2 `ûT�`iBiBQM

.û}MBiBQM
lM2 7QM+iBQM 6 /2 R /�Mb [y, R] 2bi mM2 7QM+iBQM /2 `ûT�`iBiBQM bB 2HH2 2bi
+`QBbb�Mi2- � TQm` HBKBi2 y 2M −∞- R 2M ∞ 2i 2bi +QMiBMm2 ¨ /`QBi2 �p2+ HBKBi2b
¨ ;�m+?2X
s � TQm` 7X/X`X 6 bB 2i b2mH2K2Mi bB TQm` iQmi t ∈ R , P(s ≤ t) = 6(t)X

6B;m`2 R, 7X/X` /2 H� HQB E(k)



o`�B2 7QM+iBQM [m�MiBH2
.û}MBiBQM
aQBi 6 mM2 7QM+iBQM /2 `ûT�`iBiBQM- QM /û}MBi H� 7QM+iBQM [m�MiBH2 �bbQ+Bû2 6−

/2 ]y, R[ /�Mb R +QKK2 HǶBMp2`b2 ;ûMû`�HBbû2 /2 6- BX2X TQm` iQmi m ∈]y, R[

6−(m) = BM7
{

t ∈ R, 6(t) ≥ m
}

.

6B;m`2 k, 7X/X` /2 H� HQB E(k)

_2K�`[m2 , aB 6−R 2tBbi2 �HQ`b 6− = 6−RX



GB2M 2Mi`2 H� 7X/X`X 2i H� 7QM+iBQM [m�MiBH2

S`QT`Bûiû
aQBi 6 mM2 7X/X`X 2i 6− b� 7QM+iBQM [m�MiBH2- QM �

! 6− 2bi +`QBbb�Mi2 2i +QMiBMm2 ¨ ;�m+?2-
! 2i TQm` iQmb t ∈ R 2i T ∈ ]y, R[ ,

6(t) ≥ T ⇐⇒ t ≥ 6−(T) URV

! TQm` iQmi T ∈]y, R[
6
(
6−(T)

)
≥ T

�p2+ û;�HBiû bB 6 2bi +QMiBMm2 2M 6−(T)
! TQm` iQmi t ∈ R

6−(
6(t)

)
≤ t

�p2+ û;�HBiû bB 6− 2bi +QMiBMm2 2M 6(t)



S`2mp2 /2 URV
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6QM+iBQM /2 `ûT�`iBiBQM 2KTB`B[m2 URV
PM � K�BMi2M�Mi mM û+?�MiBHHQM BXBX/X sR, . . . , sM /2 pX�X `û2HH2b

.û}MBiBQM
G� 7QM+iBQM /2 `ûT�`iBiBQM 2KTB`B[m2 6M �bbQ+Bû2 ¨ HǶû+?�MiBHHQM sR, . . . , sM 2bi
/û}MB2 TQm` iQmi t ∈ R T�`

6M(t) = R
M

M∑

B=R
(sB≤t).

SQm` mM2 `û�HBb�iBQM tR = sR(ω), . . . , tM = sM(ω) H� 7QM+iBQM
6ω

M (t) = R
M

∑M
B=R (sB(ω)≤t) 2bi mM2 7QM+iBQM /2 `ûT�`iBiBQM +QMbi�Mi2 T�`

KQ`+2�mtX

6B;m`2 j, 7X/X` 2KTB`B[m2

Agathe
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Agathe


Agathe


Agathe


Agathe




6QM+iBQM /2 `ûT�`iBiBQM 2KTB`B[m2 UkV

h?ûQ`ĕK2 /2 :HBp2MFQ@*�Mi2HHB
aB sR, . . . , sM bQMi BXBX/X /2 7X/X` 6 �HQ`b

bmT
t∈R

|6M(t) − 6(t)| T.b.→ y.

S`2mp2 , +7X +Qm`b /2 S`Q#�

6B;m`2 9, 7X/X` p`�B2 2i 2KTB`B[m2 M = ky



6QM+iBQM /2 `ûT�`iBiBQM 2KTB`B[m2 UjV

h?ûQ`ĕK2 /2 :HBp2MFQ@*�Mi2HHB
aB sR, . . . , sM bQMi BXBX/X /2 7X/X` 6 �HQ`b

bmT
t∈R

|6M(t) − 6(t)| T.b.→ y.

S`2mp2 , +7X +Qm`b /2 S`Q#�

6B;m`2 8, 7X/X` p`�B2 2i 2KTB`B[m2 M = Ryy

Agathe




6QM+iBQM [m�MiBH2 2KTB`B[m2 URV

.û}MBiBQM
G� 7QM+iBQM [m�MiBH2 2KTB`B[m2 6−

M �bbQ+Bû2 ¨ HǶû+?�MiBHHQM sR, . . . , sM 2bi
/û}MB2 +QKK2 HǶBMp2`b2 ;ûMû`�HBbû2 /2 6M- BX2X TQm` iQmi T ∈]y, R[ T�`

6−
M (m) = BM7

{
t ∈ R, 6M(t) ≥ m

}
.

S`QT`Bûiû
SQm` iQmi T ∈]y, R[- QM �

6−
M (m) = s(⌈Mm⌉)

Qɍ s(R) ≤ s(k) ≤ . . . ≤ s(M) bQMi H2b bi�iBbiB[m2b /ǶQ`/`2 /2 HǶû+?�MiBHHQM
sR, . . . , sMX
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Agathe


Agathe




S`2mp2

6B;m`2 e, 6ω
M 2i [m�MiBH2b 2KTB`B[m2b

Agathe


Agathe


Agathe


Agathe


Agathe


Agathe


Agathe


Agathe


Agathe




S`2mp2



6QM+iBQM [m�MiBH2 2KTB`B[m2 UkV

S`QT`Bûiû
SQm` iQmi T ∈]y, R[- bB 6− 2bi +QMiBMm2 2M T-QM �

6−
M (T) T.b.→ 6−(T).

S`2mp2 pB� H2 i?ûQ`ĕK2 /2 :HBp2MFQ@*�Mi2HHB 2i H� +QMiBMmBiû /2 6− 2M TX

aB sR, . . . , sM bQMi BXBX/X /2 7X/X`X 6 QM /QBi /QM+ �pQB` TQm` iQmi F ∈ [[R, M − R]]

6−
M (F/M) = s(F) ≃ 6−(F/M).



Zm�MiBH2@[m�MiBH2 THQi @ ZZ@THQi

SQm` pû`B}2` bB sR, . . . , sM QMi H� 7X/X`X >- QM `2T`ûb2Mi2 H2 Mm�;2 /2 TQBMib
(

s(F), >−(F/M)
)

F∈[[R,M−R]]

bB > 2bi H� 7X/X`X- H2b TQBMib /QBp2Mi bǶ�HB;M2`X

6B;m`2 d, _û�HBb�iBQMb /ǶmM2 E(k) 2i [m�MiBH2b /2 H� E(k)



Zm�MiBH2@[m�MiBH2 THQi @ ZZ@THQi

SQm` pû`B}2` bB sR, . . . , sM QMi H� 7X/X`X >- QM `2T`ûb2Mi2 H2 Mm�;2 /2 TQBMib
(

s(F), >−(F/M)
)

F∈[[R,M−R]]

bB > 2bi H� 7X/X`X- H2b TQBMib /QBp2Mi bǶ�HB;M2`X

6B;m`2 3, _û�HBb�iBQMb /ǶmM2 E(k) 2i [m�MiBH2b /2 H� N (y, R)



:ûMû`�i2m`b +QM;`m2MiB2Hb

G2b ;ûMû`�i2m`b /2 MQK#`2b �HûiQB`2b T`Q;`�KKûb /�Mb H� THmT�`i /2b HB#`�B`B2b
U+Ƕ2bi H2 +�b /�Mb MmKTvV bQMi /2 ivT2 +QM;`m2MiB2H , BHb `2MpQB2Mi H2b i2`K2b
/ǶmM bmBi2

(
xM/K

)

M≥y
/û}MB2 T�`

{
xy b22/ Qm `�+BM2
xM+R = �xM + + (KQ/mHQ K)

*2ii2 bmBi2 BKBi2 i`ĕb #B2M H2 ?�b�`/ mMB7Q`K2 bB H� Tû`BQ/2 2bi i`ĕb Ui`ĕb i`ĕbV
;`�M/2X

JBMBK�H bi�M/�`/
PM T`2M/ K = kjR − R 2i � = d8- H� Tû`BQ/2 2bi /2 kjR − R ≃ k × RyN

J2`b2MM2 irBbi2` @ J�ibmKQiQ 2i LBb?BKm`� URNNdV

GǶ�H;Q`Bi?K2 � ûiû �KûHBQ`û TQm` �ii2BM/`2 H� Tû`BQ/2 /2 kRNNjd − RX



*?�TBi`2 k, aBKmH�iBQM /2 p�`B�#H2b �Hû�iQB`2b



AMi`Q/m+iBQM

PM b2 /QMM2 mM2 7X/X`X 6 UQm /ǶmM2 HQBV 2i QM bQm?�Bi2 Q#i2MB` /2b `û�HBb�iBQMb
tR, . . . , tM /2 sR, . . . , sM /2 7X/X`X 6 @ QM /B`� bBKmH2` b2HQM 6X
amBp�Mi H� 7Q`K2 /2 6- HǶmM Qm HǶ�mi`2 /2b Kûi?Q/2b [m2 MQmb �HHQMb pQB` b2`� H�
THmb Dm/B+B2mb2X



S`QT`Bûiû 7QM/�K2Mi�H2

h?ûQ`ĕK2
aQB2Mi l mM2 pX�X /2 HQB U]y,R[ 2i mM2 7X/X`X 6 �HQ`b 6−(l) � TQm` 7X/X`X 6

G� Kûi?Q/2 /ǶBMp2`bBQM K�`+?2 bB QM /BbTQb2 /ǶmM2 7Q`K2 2tTHB+Bi2 TQm` 6− ,
HQB 2tTQM2MiB2HH2- /2 q2B#mHH- HQBb /Bb+`ĕi2b- 2i+

J�Aa M2 K�`+?2 T�b �mi`2K2Mi , HQB MQ`K�H2- HQB /2 aim/2Mi- HQB /m Xk- HQB
;�KK�XXX



S`2mp2
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1t2`+Bb2

GQB 2tTQM2MiB2HH2
�TTHB[m2` +2ii2 Kûi?Q/2 ¨ H� HQB 2tTQM2MiB2HH2 E(λ)- TQm` λ > yX

Agathe


Agathe
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S`BM+BT2
PM b2 /QMM2 mM2 7X/X`X 6 TQm` H�[m2HH2 QM bQm?�Bi2 Q#i2MB` /2b `û�HBb�iBQMb
tR, . . . , tM /2 sR, . . . , sM /2 7X/X`X 6 2i QM bmTTQb2 K�BMi2M�Mi [mǶ2HH2 �/K2i
mM2 /2MbBiû 7

6(t) =
∫ t

−∞
7(m)/m TQm` iQmi t ∈ R.

PM +?QBbBi mM2 /2MbBiû ; UbmBp�Mi H�[m2HH2 QM b�Bi /ûD¨ bBKmH2`V i2HH2 [mǶBH 2tBbi2
mM2 +QMbi�Mi2 + > y 2i

7(t) ≤ +;(t) TQm` iQmi t ∈ R.

6B;m`2 N, 7 2i +;

Agathe


Agathe


Agathe


Agathe




�H;Q`Bi?K2
h?ûQ`ĕK2
aQB2Mi ,

!
(
uM

)
M≥y bmBi2 /2 pX�X BXBX/X /2 /2MbBiû ; BM/ûT2M/�Mi2 /2

!
(
lM

)
M≥y bmBi2 /2 pX�X BXBX/X /2 HQB U]y,R[X

PM MQi2 τ = inf
{

M ≥ R, lM+;(uM) ≤ 7(uM)
}

�HQ`b uτ � TQm` /2MbBiû 7X

6B;m`2 Ry, 7 2i +;















S`2mp2



S`2mp2



aBKmH�iBQM bmBp�Mi H� HQB ;�mbbB2MM2

�H;Q`Bi?K2 /2 "Qt 2i JmHH2` @ RN83
aQB2Mi /2mt pX�X l ∼ U]y,R[ 2i o ∼ E(R) BM/ûT2M/�Mi2b- QM /û}MBi

{
s =

√
ko cos(kπl)

u =
√

ko sin(kπl).

s 2i u bQMi /2mt pX�X BM/ûT2M/�Mi2b /2 HQB N (y, R)

_2K�`[m2
PM T2mi Q#i2MB` mM +QmTH2 ;�mbbB2MM2 /2 HQB N (µ, Σ) 2M i`�MbH�i�Mi (s, u) /2
µ 2i 2M miBHBb�Mi H� /û+QKTQbBiBQM /2 *?QH2bFv , Σ 2bi /û}MB2 TQbBiBp2 /QM+ BH
2tBbi2 mM2 K�i`B+2 i`B�M;mH�B`2 BM7û`B2m` G i2HH2 [m2 GG⊤ = ΣX
G2 p2+i2m` G(s, u)⊤ + µ � H� HQB N (µ, Σ)X









S`2mp2



S`2mp2



Jûi?Q/2 JQMi2@*�`HQ



AMi`Q/m+iBQM 2i `�TT2Hb /2 T`Q#�#BHBiûb

*Ƕ2bi mM2 Kûi?Q/2 miBHBb�Mi H� HQB /2b ;`�M/b MQK#`2b [mB b2`i ¨ �TT`QtBK2` mM2
p�H2m` MmKû`B[m2X aQM MQK 2bi /ȿ �mt D2mt /2b +�bBMQb /2 JQMi2@*�`HQ- 2HH2 �
ûiû BMi`Q/mBi2 T�` LX J2i`QTQHBb URN9NVX

GQB /2b ;`�M/b MQK#`2b
aQBi

(
wM

)
M≥R mM2 bmBi2 /2 pX�X BXBX/X BMiû;`�#H2b UE

(
|wR|

)
< ∞V QM �

wM = R
M

M∑

B=R

wB
T.b.→ E(wR).

AMû;�HBiû /2 "B2M�vKû@h+?2#v+?2p
aQBi

(
wM

)
M≥R mM2 bmBi2 /2 pX�X BXBX/X �/K2ii�Mi mM2 p�`B�M+2UE

(
|wR|k

)
< ∞V QM

�
P
(

|wM − E(wR)| > ϵ
)

≤ V(wR)
Mϵ

.



S`BM+BT2 /2 H� Kûi?Q/2 URV

PM bQm?�Bi2 �TT`QtBK2` HǶBMiû;`�H2

A =
∫

∆
;,

Qɍ ; 2bi mM2 7QM+iBQM /2 R/ /�Mb R [m2 HǶQM bmTTQb2 BMiû;`�#H2 bm` ∆
U
∫

∆ |;| < ∞VX
PM `2K�`[m2 TQm` +2H� [m2 HǶQM T2mi iQmDQm`b `û+`B`2 HǶBMiû;`�H2 A /2 H� 7�ÏQM
bmBp�Mi2 ,

A =
∫

∆

;
7s

7s =
∫

;
7s

7s

Qɍ 7t 2bi mM2 /2MbBiû bm` R/ /2 bmTTQ`i ∆ UTQm` t ∈ R/- 7s(t) > y ⇔ t ∈ ∆VX









S`BM+BT2 /2 H� Kûi?Q/2 URV

Jûi?Q/2 /2 JQMi2@*�`HQ
aB s 2bi mM2 pX�X /2 R/ /2 /2MbBiû 7s- QM T2mi �HQ`b û+`B`2 ,

A = E
( ;

7s
(s)

)
.

aQB2Mi
(
sM

)
M≥R mM2 bmBi2 pX�X BXBX/X /2 KāK2 HQB [m2 s- QM �TT`QtBK2 A T�`

ĀM = R
M

M∑

B=R

;
7s

(sB).

ĀM +QMp2`;2 TXbX p2`b A

S`2mp2



AHHmbi`�iBQM TQm` �TT`QtBK2` π URV

PM TQb2
A = 9

∫

[−R,R]k
(tk+vk≤R)/t/v = π.

PM +QMbB/ĕ`2 l 2i o /2mt pX�X BM/ûT2M/�Mi2b /2 HQB mMB7Q`K2 bm` [−R, R]- QM
T2mi `û+`B`2 A +QKK2

A = E( (lk+ok≤R)).
PM T2mi �HQ`b HǶ�TT`QtBK2` ¨ T�`iB` /2 +QTB2b BXBX/X /2 l 2i o

ĀM = R
M

M∑

B=R
(lk

B +ok
B ≤R)



AHHmbi`�iBQM TQm` π UkV



AHHmbi`�iBQM TQm` π UjV



*QKK2Mi +?QBbB` 7s \

PM bmTTQb2 K�BMi2M�Mi [m2 HǶBMû;�HBiû /2 "B2M�vKû@h+?2#v+?2p 2bi pû`B}û2 UBX2X∫
;k/7t < ∞V- QM � �HQ`b

P
(

|̄AM − A| > ϵ
)

≤
V

(
;/7s(s)

)

Mϵ
.

.QM+- ¨ ϵ }tû- THmb V
(
;/7s(s)

)
2bi T2iBi2- THmb T2iBi2 b2`� HǶ2``2m`

/Ƕ�TT`QtBK�iBQM 5
PM +�H+mH2 7�+BH2K2Mi

V
(
;/7s(s)

)
=

∫

∆

;k(t)
7s(t) /t − Ak

+Ƕ2bi H2 T`2KB2` i2`K2 [mǶQM p� +?2`+?2` ¨ `2M/`2 T2iBiX



1t2KTH2 �p2+ mM 2ti`āK2 ;�mbbB2M URV

aQBi s ∼ N (y, R)- QM MQi2 ϕ b� /2MbBiûX PM p2mi �TT`QtBK2`

A = P(s > 8).

PM `û+`Bi

A = P(s > 8) = E
(

(s>8)
)

=
∫

(t>8)ϕ(t)/t =
∫

(t>8)ϕ(t)
ϕ(t) ϕ(t)/t.

�p2+ H2b MQi�iBQMb T`û+û/2Mi2b- QM �

;(t) = (t>8)ϕ(t) 2i 7s(t) = ϕ(t) bQBi ;
7s

(t) = (t>8)

PM T2mi /QM+ �TT`QtBK2` A T�`

ĀM = R
M

M∑

B=R
(sB>8) �p2+

(
sM

)
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