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MC method: the principle

~> In usual practical problems in statistics, we are led to compute
E[g(X)], X r.v. valued in R, f:RY = R. (1)

~~ When the distribution of X is known, we sometimes may have an
analytical expression for (1). For example,
e if g: R — R, with g(x) = x", n € N, and if X € N(0;1), then
(2n)!
2npl”
o If X = (X1, Xa), Xi ~ Exp(\;), i = 1,2, with Xy I Xo, and if
g : R? = R, with g(x1,x2) = x1 + xo, for any x = (x1,x2) € R?, then
Elg(X)] = E(X1 + X2) = 1/A\1 + 1/ ).

~> In general (1) has no analytical solution. We can use numerical
integration methods to approximate it, keeping in mind that X has pdf f,

Ble(x) = | (e

Elg(X)] = E(X") =
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MC method: the principle

~» The Monte Carlo (MC) method is an alternative to these methods.
~> The numerical integration approximation methods depend on the
dimension d of X and the quality of the approximation deface when d
increases.

~~» The MC integration method does not depend on d. This makes it the
widely used numerical approximation method in high dimension.

~~ The MC method may be used once we may simulate a sample from X
even if the density of X is unknown or does not exist.

~> In general, the MC can be used in the following situations.

@ The Law of X is known but TE[g(X)] has no analytical solution.
Example: E[g(X)], X ~ N(0;1) and g(x) = exp(x).

@ The Law of X is not explicit but may be simulated. Example: E(X,),
where X, is obtained from the recursion (for Xo = 0 and (Zx) L Xp):

Xiv1 = uXe + ok 2y, k=0,...,n—=1, Z, ~N(0,1).
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MC method: the principle

Now, how to approximate E[g(X)] by MC when a sample Xi, ..., Xy (a
sequence of iid r.v.) from X of size N is available.

> X is a discrete r.v. valued in {x1,...,Xp,...},x; € RY. We have

+o0
Elg(X)] = 3 g(x)B(X = x).
i=1

When N is large enough, P(X = x;) = fy(x;), where Vi € {1,..., N},
fu(xi) =card({¢ € {1,...,N} : Xp =x;})/N :=nj/N.
Then,

+oo
Elg(X)] = My(g(X)) = > _e(x)fu(x)
i=1

1 +00 N
= Nznig(xi) = Z (Xk)
i—1 Nz
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MC method: the principle

> X is a continuous r.v.. In this case:

+oo
E[g(X)] = / g(x)f(x)dx.

—00
Let (X1(w), ..., Xn(w)) = (x1, ..., xy) and suppose that x; < xp <
. < xy. Set (with xo— = —00, xy, = +00)
O sk’ S = R N 1)
2 2
We have

Elg(X)] = / X)Px(dx)
N o i
= x)P x(dx)
,Z/ storx

N
Zg Xic) P (X €]xi—; Xk ])-

Q
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MC method: the principle

Since |xk—, xk+] only contains xi, we have P(X €]xx_, xk+]) ~ fu(xk)
= nk/N. It follows that

N
Elg()] ~ Y s (u)fulk) = 3 D 8(X) = Mu(g(X)).

~+ The same arguments apply to r.v. valued in R,

~> So, in general, when X is a r.v. valued in RY and g: RY — R, then,
E[g(X)] may be approximated by

N
Mi( Zg(Xk
N

for a sample Xy, ..., Xy from X of size N.
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MC method: properties of the sample mean

~ Owing to the forgoing, for any r.v. X valued in RY and any Borel
function g : R? — R we can approximate E[g(X)] by My(g(X)).

What are the properties of My(g(X))?

Proposition. Let X1, ..., Xy. We have the following results:
@ My(g(X)) is an unbiased and consistent estimator of E[g(X)].
@ If Var(g(X)) exists, the mean square error of My(g(X)) is

E [My(g(X)) — E(g(X))]> = Var(My(g(X)) = Var(fVOQX

Remark. In general, Var(g(X)) is unknown and can be estimated by the
(unbiased) sample variance (show that ESF ., = Var(g(X)))

N
St = 177 D (80%) — Mu(g(X))
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MC method: properties of the sample mean

1. For the first statement it is clear that EMy(g(X)) = E(g(X)), so that
the estimator is unbiased. The consistency follows from the Law of Large
Numbers which states that: if X, ..., Xy is a sequence of iid r.v. then

o the sample mean X, = (X; +... + Xv)/N converges in probability
towards EX: for any € > 0, limy_,,.. P(|Xy — EX| > ¢) =0.

o If in addition E[X| < +o0c, then Xy converges almost surely towards
EX: P({w € Q, Xy(w) 4 EX}) =0.

2. Since the Xj's are independent we have

Var(My(g(X)) = Var[g(Xl) + ...+ g(XN)] /N2
= Var(g(X1)) + ...+ Var(g(Xy))/N?
= [N x Var(g(X1))] /N
= Var(g(X))/N.
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@ Convergence rate - confidence interval
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MC method: convergence rate

~ The variance of Var(g(X)) is useful to deduce the convergence rate of

My(g(X)) toward Eg(X): the sample size N that we need to achieve a
given level of accuracy.

~> In fact, it follows from Chebechev’'s inequality that

P(|Mu(g(X)) ~ Eg(X)| >

1
< —
) < NVar(My(g(X) = Var(g(X)
~+ From the Central Limit Theorem, we have:

Var(g(X))

Then, for large N (® is the cdf of the N(0,1)),

POMMAXD—EMXH>C ““ﬂxn)wzu—¢@» 1)
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MC method: convergence rate and confidence interval

~» We can use (1) to give a (1 — a)100% confidence interval for Eg(X).
In fact, choosing ¢ = ¢, s.t. 2(1 — ®(c,)) = a we get the Cl

(MN<g(x>> ~ oy PECD (g 0)) + <, Vﬁ“”)

~ (M50~ & 20 g0 + e, 2.

~+ As a consequence, if we want to be (1 — «)100% confident that is
My(g(X)) is within € of the true value of Eg(X) we may increase the
sample size N until

COzSN,g(X)/\/N < €.
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variance reduction: a discrete r.v.

~ Let X be a r.v. taking values {—1,0,1} with: P(X = —1) = 1/3,
P(X=0)=1/6 P(X=1)=1/2: E(X)=1/6 and Var(X) = 29/36.

~~ We can use the sample Xy = (X1 + ... +Xy)/N, where the X's are
iid r.v. with the same distribution as X, to estimate E(X).

~» Qur aim: find another estimator of E(X) with smaller variance, means,
@ we find Y such that

E(X)=E(Y) and Var(Y) < Var(X)
o and use the sample mean Y}, to estimate E(X).

~» Remark that 0 is closer to E(X) = 1/6 than 1 which, in turn, is closer
to E(X) than —1.
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variance reduction: a discrete r.v.

~> To keep the same expectation and reduce the variance we define a r.v.
Y which puts the most weighting on 0 or the lowest weighting on —1.

~» Two examples of such r.v: Let Y; be s.t. P(Y; =0) =1/2 and find the
other weights to put for —1 and 1.

~ Let po1 =P(Y1=-1), pp=P(Y1 =0) and p1 =P(Y1 =1). We
want E(Y1) = —p_1 + p1 = 1/6.

~ Since p_1 +po+ p1 =1. We get p_; =1/6 and p; = 1/3. Then
Var(Y1) = 17/36 < Var(X).

~ Choosing Y5 s.t. P(Y2 =0) =4/5 we get P(Y> = —1) = 1/60,
P(Y2 =1) =11/60 and Var(Y>2) = 8/36, so that

E(Y2) = E(Y1) = E(X) and Var(Y2) < Var(Y7) < Var(X).
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0.2}

|
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Figure: Abscissa: size N of the sample. Ordinate: X, = My(X), M,(Y>) and the
line y =1/6 = E(X) = E(Y2).
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© Variance reduction techniques

@ The general case: Important sampling
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Important sampling: the principle

~ Let X be a r.v. with density f: X ~ f and g a Borel function on RY.
~~ Let Z be another r.v. with density hs.t. Vx € R?, h(x) = 0 only if

f(x)g(x) = 0. Then, setting ¢(z) = g(z)%,

Fe(x) = | a(ftodx= [ g(x);giih(x)dx —E(#(2)).

s Oy = (g(X1) + ...+ &(Xy))/N is the MC estimator of Eg(X),
~~ The estimator 05 = (Y(Z1) + ... +¢(Zy))/N is its IS estimator,
where (X;) and (Z;) are samples of size N of X and Z, resp.

~~ Recall that

A

E [0, ~ B(g(x)]” = Var(My(g(x)) = “EX)).

N
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Important sampling: the principle

A 2
- We have E [0 — E(g(X))|” = Var(Mu(1:(2)) = Y22,
~> The estimator HA’Af is preferable to 8y if Var(y(Z)) < Var(g(2).
~ Since E g(X) =Ev¢(2), (7’N5 is preferable to 0, if Fa 2(Z) < Eg?(X).

~~ Now,

Ey?(Z) = /Rd &) h(x) = /Rd g ()1 (x) ;Ei; i

and Eg?(X) :/Rdg2(x)f(x)dx

~~ Then, 0 is preferable to 0, if 283 is small where g2(x)f(x) is large.

~> h is chosen to satisfy the previous property.

~> h may be a family of density and we can choose the parameter which
minimise E(4?(Z2)).

Abass SAGNA, abass.sagna@ensiie.fr ( ENSIIE. Simulation methods: MC integration March 14, 2019 23 /28


http://www.math-evry.cnrs.fr/members/asagna/

Important sampling: the Robbins-Monro algorithm

~~ Suppose h(y, z) is a family of density depending on 1 € A C R? s.t.
Evp?(Z") = EK(p, £), where € is another r.v.

~» Our aim is
@ to find p* that minimizes Q(u) = EK(11,&): Q(1*) = minyea Q(i),
@ touse 05 = (p(Z" ) +...+(ZL))/N as the IS estimator of Eg(X)
~~ We can use the Robbins-Monro algorithm to approximate p*.

~ It searches p* s.t. (with a formal interchange of the gradient and the
expectation) VQ(u*) = EVK(u*, &) = 0.

~ |t states (under some assumptions on h(u, z)) that the following
sequence (1i,) converges a.s. towards ;* (where (£,) ~ ¢ ):

Hn+1 = Mn — 7n+1VK(Mm fn+1)

where (7,) decreases to 0 and -, vn = +00, i.e., yo = 1/n.
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Important sampling: Example

Important Sampling for the Normal distribution. We want to estimate
E(X1{x>c}) where X ~ N/(0,02) and ¢ > 30.

© The MC estimator 8y is poor because very few of the sample values
will exceed c.

@ We use IS to have more sample values of Z that exceed c.

© We suppose Z ~ N (i, 0?) with density

oV 2T

~ If f denotes the density of X,

h’;((xx)) ~ exp (u(u - 2X)>.
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Important sampling: Example

~ We want to compute E(g (X)), with g(x) = xT (>3-

~> We compare the MC estimator 9N and the IS estimator

0 = () + o+ O(ZE NN, 0(x) = gl

where 1" is s.t. Q(1*) = min,ea Q(u), with A= [0, 6] and
Qu) =E@*(2") = E@*(u+0¢))
_ ]E(gQ(u+a§)exp <2u(u—22£/;+a£)))>

= EK(w¢),  £~N(01).

~+ We approximate p* from the sequence (1,,) defined by (uo € A)

Hn+1 = Hn — 7n+1K/(an§n+1)7 &n ~ N(O, 1)-

~ Make an application with N = 10%, c =3 and 0 = 1.
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