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We consider the formal SDE
dX; = b(t, X,)dt +dZ;,,  Xo=x € R, (E)

where
e be L'([0, T],BS ,(R?,RY)) is some singular drift.

@ Z; is an a-stable symmetric process a € (1,2].
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We consider the formal SDE
dX; = b(t, X,)dt +dZ;,,  Xo=x € R, (E)

where
e be L'([0, T],BS ,(R?,RY)) is some singular drift.

@ Z; is an a-stable symmetric process a € (1,2]

We denote by £% the generator of the noise and p,, its density

_a |2\ ") ,
pa(t,z) = Cat&(Ht?) Faelld) o er
(2mct) ™% exp (—%) ,c>1 ifa=2,
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Heuristics for well-posedness

For b € BS, (RY,RY) ~ C”, we work on the PDE
(0r 4+ b -V 4 L*)u(t,x) = f(t,x) on [0, T] x RY (1)

where f is some smooth source term.

e If B> 0, the condition o+ 8 > 1 is required to give a meaning to Vu
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Heuristics for well-posedness - 5 > 0

For b € BS, (RY,RY) ~ C”, we work on the PDE
(0r 4+ b -V 4 L*)u(t,x) = f(t,x) on [0, T] x RY 2

where f is some smooth source term.

e If B> 0, the condition o+ 8 > 1 is required to give a meaning to Vu
o [CZZ21] : be CP,a € (0,2) : weak WP under § 4 o > 1.
o [Pri12] : be C®,a € (1,2) : strong WP under B+ & > 1.
o [Por94], [PPO5] : b € LP < B2, a € (1,2), weak WP under % <a-1
o [KRO5] : b€ L7 — LP, o = 2, strong WP under 4 + 2 < 1.
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Heuristics for well-posedness - 5 < 0

For b € BS, (RY,RY) ~ C”, we work on the PDE
(0r 4+ b -V 4 L*)u(t,x) = f(t,x) on [0, T] x RY 3)

where f is some smooth source term.
e If B> 0, the condition o+ 8 > 1 is required to give a meaning to Vu
e If <0, in order to make sense of b-Vu, we need 5+ (8 +a—1)>0

. 1
ie. > ——

o [FIR17] : b € C?, o = 2, WP (virtual solutions) under § > -1.
o [ABM20] : b€ C? a € (1,2), 1D strong WP under § > e
o [CdRM22] : b€ L" — Bf ,, weak WP under

2Bra—d %5
pr
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Discretization of singular drift SDEs

Discretization of singular drift SDEs
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Discretization of singular drift SDEs

Aim : approach (E) with

Xh

ter1

= Xl’h + hb(tk7Xt{;1<) + (Ztk+1 - Ztk)'

k

Or, equivalently, its continuous in time version :
dX{ = b(r7, X[)dt + dZ,

where /' = h|t/h], i.e if t € [ty, tis1), 70 = t.
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Discretization of singular drift SDEs

Aim : approach (E) with

Xh

ter1

= Xl’h + hb(tk7Xt{;1<) + (Ztk+1 - Ztk)'

k

Or, equivalently, its continuous in time version :

dX{ = b(r7, X]y)dt + dZ;

@ Strong error :

sup | X — Xth|
te(0,T)

, r>1
Lr
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Discretization of singular drift SDEs

Aim : approach (E) with
Xh

tep1

= X!+ hb(ti, X)) + (Zoy — Z4,)-
Or, equivalently, its continuous in time version :

dX{ = b(r, X])dt + dZ;

@ Strong error :

sup | X¢ — Xth|
te(0,T)

, r>1
Lr

@ Weak error with a test function :

[Eoxlg(X!) — g(X.)]]
Weak error on densities (i.e. g = 9,) :
Irh(O,X’ t7y) - r(O7Xa tvy)|
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A few important results - Gaussian setting (a = 2)

Using PDE techniques :
e [BJ20] b € L* total variation error : hz.

1 d 1

e [JM24] b € L9 — LP under % + % < 1, weak error : h27 2% " a,
Using the sewing lemma ([L&20]) :

o [LL21] b € L9 — LP under % + % < 1, strong error : h2 In(h).

o [DGL22] b e L= N W2, strong error : h -

o [Hol24] b € L N CP, weak error on C? test functions : h -
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Sewing techniques for strong error

In a brownian noise setting, the sewing lemma ([L&20]) allows to bound
expressions of the type
?|

which appear when computing strong error rates.

/ t b(s, X') — b(s, X}};)ds
0

} , 4)
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Sewing techniques for strong error

In a brownian noise setting, the sewing lemma ([L&20]) allows to bound
expressions of the type
?|

which appear when computing strong error rates.

/O t b(s, X') — b(s, X}};)ds } , (4)

@ Only works for & = 2 (also works in a non-Markovian setting).
@ Integrability requirements on b.

@ The resulting bound does not take advantage of the full parabolic bootstrap
of the underlying PDE.
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Weak error techniques

Let u be a solution to
(0s + b(s,x) - Vi + L) u(s,x) =0on [0,t) x RY, u(t,”) = g on RY,
By It6’s formula,
E(g, t.x, h) = Eox[g(X{') — g(X:)] = Eox[u(t, X{) — u(0, x)]

= Eox Uot (b(r, xhy - b(r,h,xfrh)) : Vu(r,th)} dr.
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Weak error techniques

Let u be a solution to
(0s + b(s,x) - Vi + L) u(s,x) =0on [0,t) x RY, u(t,”) = g on RY,
By It6’s formula,
E(g, t.x, h) = Eox[g(X{') — g(X:)] = Eox[u(t, X{) — u(0, x)]

= Eox Uot (b(r, xhy - b(r,h,xfrh)) : Vu(r,th)} dr.

Historical approach by [MP91] : for b € C?
@ Schauder estimates for v : || Vul|(e < 00

@ Use the regularity of b to control ‘b(r,X,h) — b(r!, X"h,)
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Weak error techniques

Let u be a solution to
(0s + b(s,x) - Vi + L) u(s,x) =0on [0,t) x RY, u(t,”) = g on RY,
By It6’s formula,
E(g, t.x, h) = Eox[g(X{') — g(X:)] = Eox[u(t, X{) — u(0, x)]

= Eox Uot (b(r, xhy - b(r,h,xfrh)) : Vu(r,th)} dr.

Historical approach by [MP91] : for b € C?
@ Schauder estimates for v : || Vul|(e < 00

@ Use the regularity of b to control ‘b(r,X,h) — b(r!, X"h,)

t
E(g t,x, h) < cuvu||Loo/ Fo [\x,'uxfhw] dr < C|[Vuli=h=.  (5)
A ,
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Weak error techniques

Compare the Duhamel formulas for I'" and T :
rh(OaX7 tay) - r(07X7 tay)
t
= IEO,X [/ b(57 Xs) . vypa(t — Sy - Xs) - b(’Tsh,X_fh) : vypa(t — S,y - Xsh)ds:|
O s
When b is singular, the main difficulty lies in controlling
b(s, Xs) — b(s, X;»)

and
b(s, Xs) — b(!, X5)

s
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Weak error techniques - b(s, Xs) — b(s, X;»)

In the splitting of the error, we write the following
t
Eo0 U b(5.Xs) - Vypalt — 5.y — Xs) — b(5.X,8) - Uy palt — 5.y — X, )ds
0

= /Ot /[F(O,X,S,z) —T(0,x,70,2)|b(s,2) - Vypa(t — s,y — z)dzds
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Weak error techniques - b(s, Xs) — b(s, X;»)

In the splitting of the error, we write the following
t
Eo.. U [5(5.Xs) - Vypa(t — 5,y — Xa) — b5, X.1) - Vypa(t — 5,y — X)) ds
0

t
= / /[F(O,x,s,z) — F(O,X,Tsh,z)]b(s,z) -Vypa(t —s,y — z)dzds
0

Using bootstrap techniques on the PDE, we can prove

a2 h“/
Ir(0,x,s,z) —(0,x, 77, z)|<C( hS) pa(th,z—x)< C - = Pa(Th, 2z — X)
(rh)= (78)=
where 7 is the gap to singularity :
d
'y:a—l—;—%>0 Lebesgue, b € L9 — LP
y=a+8-1>0 Holder, b € C?
a—1-49_2
v=08+ # >0 Negative Besov, b € L9 —
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Weak error techniques - b(s,

It remains to show the boundedness of

t
/ /pa(s, z—x)b(s,z)Vypa(t — s,y — z)dzds.
0
If b€ $ in space, we have to estimate

lPa(s; - — X)Vypa(t =5,y =)o

and recoup singularities in s and t — s, which we want to integrate against
[16(s, )l 5-
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Weak error techniques - b(s, X;) — b(7l, X;)

Natural time-space scaling :
When b(t,-) € C# in space, we usually assume b(-,z) € C% e

[b(s, Xs) = b(7¢', Xs)| < (s —

s

Not enough to show a convergence with order

Mathis Fitoussi

(0% (0%

bl 8 a-—1
e
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Weak error techniques - b(s, X;) —

Time-randomized Euler scheme :

xh =

ter1

where (Uk) ~ U([tk, tk+1]).

X+ hb(Ui, X0) + (Ze,,, —

Duhamel integral over one time-step for the time-randomized Euler scheme :

/ R [ [b(U, X

/:““/
| #),

ty

7351
/ E [b

Mathis Fitoussi

VyPalt = Uiy = Xb)] ds

tk+1

7/-:") - Vypa(t =

tit1

b(r X
E b(r,xfh) -V, pa(t —

ry — X_fs,,)} drds

ry — XT”h)} drds

h) Vypa(t—r,y — XThr,,)} dr.
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Results - Lebesgue case, o € (1,2)

Theorem ([F., Jourdain, Menozzi, 2024])

Forbe L9—LP, if J
7=a—1———g>0,
P q

then equation
dX; = b(t, X;)dt +dZ;,  Xo=x € R

is weakly well-posed (in the sense of the martingale problem).

Theorem ([F., Jourdain, Menozzi, 2024])
For b € L9 — LP, we define the Euler scheme by

Xh

tit1

= Xi!;: + hbh(U‘ﬂthZ) + (Ztk+1 - Ztk)’

where by, is a cut-offed b s.t. |by| < h~% 4 and Vk, Uc ~ U(tk, txr1). Then,

IF(0,x,t,y) — (0, x, t,y)| < Ch= pa(t,y — X) (6)

o
AL
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Results - Holder case , o € (1,2]

Theorem ([F., Menozzi, 2024])
For b € L= —C?,3 > 0, we define the Euler scheme by

Xh

tet1

= X + hb(U, X)) + (Zoe,, — Z,),
where Yk, Uy ~ U(tk, tk+1). Define

y=B+a—1>0.

Then,
IF(0,x, t,y) = F7(0,x, t,y)| < Ch¥ (L4t~ & )pa(t,y — X) (7)

-
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Besov case as a consequence of the Holder case

e Holder : |F(0,x,t,y) —T"(0,x,t,y)| < C[b]c;sh pa(t Yy —X)
o Negative Besov regularity : let b € L"([0, T],B] ;),7 < 0 and set

s+h
b(s, z, h) / / u,y)pa(u—s,y — z)dydu.

Then, b(s, -, h) is S-Holder with 8 > 0 and its Holder modulus

6(s,z,h) — b(s, 2, h)| < Clz — 2/|Ph— i~ ta—3

ap

We then apply the Holder result to the SDE with drift b, and we get
|r(07Xa tay) - rh(O,X, t,}/) =
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Dynamics of the SDE

Proposition ([DD16],[CdRM22])

Assume
144 1—a+2d 420
o € 1—‘{,2 CAS +,0 , (GRD)

Then, the formal SDE

dX; = b(t, X;)dt + dZ;, Xo=xeR?

rewrites .
Xt:X()“r/ b(S,Xs,dS)—i—Zh
0

whereV0 < v <s< T,

H5,6= 1) = / / B el = vy = )l
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