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ODE

Consider
dXt = b(Xt)dt, t ≥ 0

b Lipschitz ⇒ existence of a unique solution

b ∈ Cγ , γ ∈ (0, 1) ⇒ existence of a solution (dXt =
√
|Xt |dt,X0 = 0)
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ODE

Consider
dXt = b(Xt)dt, t ≥ 0

b Lipschitz ⇒ existence of a unique solution

b ∈ Cγ , γ ∈ (0, 1) ⇒ existence of a solution (dXt =
√
|Xt |dt,X0 = 0)

b ∈ L∞ ⇒ might not have a solution
(dXt = −sgn(Xt)dt,X0 = 0, sgn(0) = 1)
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Regularization by noise

Consider
dXt = b(t,Xt)dt + dWt , X0 = x ∈ Rd , t ≥ 0,

where (Wt) is a Standard Brownian Motion (SBM).

→ The impulse of the noise helps exit critical spots.

b ∈ L∞ : strongly well-posed [Zvonkin, 1974] [Veretennikov, 1980]

b ∈ Lq(R+, L
p(Rd)) : strongly well-posed for

d

p
+

2

q
< 1, p ≥ 2, q > 2

[Krylov and Röckner, 2005]
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Main SDE

We consider the formal SDE

dXt = b(t,Xt)dt + dZt , X0 = x ∈ Rd , (E)

where

b ∈ Lr ([0,T ],Bβ
p,q(Rd ,Rd)) is a Besov drift

Zt is a symmetric α-stable process, α ∈ (1, 2), with spectral measure
equivalent to the Lebesgue measure on Sd−1.

We will denote by Lα the generator of Z , pα its density and Pα
t the associated

semi-group :

∀ϕ,Pα
t [ϕ](x) :=

∫
Rd

pα(t, y − x)ϕ(y)dy

We will sometimes use p̄α(v , z) =
Cα

v
d
α

1(
1+ |z|

v
1
α

)d+α , v > 0, z ∈ Rd , which satisfies

c−1p̄α ≤ pα ≤ cp̄α
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Expectation, heuristics

Take a time homogeneous b.

Xt = X0 +

∫ t

0

b(Xs)ds + Zt

We expect that we can define
∫ t

0
b(Xs)ds if this term is more regular than

the noise Z (which has regularity 1
α )

Assume b ∈ Cβ for some β > 0. Then (informally), b(X·) ∈ C
β
α , so we need

1 +
β

α
>

1

α
⇐⇒ α+ β > 1

If b ∈ Lp ⊂ B
− d

p
∞,∞ = C− d

p , the same reasoning gives

d

p
< α− 1

which is consistent with the previous result.
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Expectation, heuristics

For b ∈ Lr ([0,T ],Bβ
p,q(Rd ,Rd)) ≈ Cβ with β < 0, this is not sufficient, because

we need to work on the underlying PDE

(∂t + b · ∇+ Lα)u(t, x) = f (t, x) on [0,T ]× Rd

where Lα is the generator of the α-stable noise and f some source term.

α+ β > 1 ⇐⇒ we can define ∇u

By paraproduct rules, if we want to define the generalized functions product
b · ∇u, we need β + (β + α− 1) > 0

i.e. β >
1− α

2
(1)

[Delarue and Diel, 2016] : weak 1D existence and uniqueness under β > − 2
3

with structure on b, with α = 2
[Flandoli et al., 2017] : virtual solutions under (1), α = 2
[Athreya et al., 2020] : strong 1D existence and uniqueness under (1)
[Kremp and Perkowski, 2022] : weak Rd existence and uniqueness under
β > 2−2α

3
with structure on b
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Definition through the solution to a PDE

If we have a smooth b, we can say that the solution to

dXt = b(t,Xt)dt + dZt

admits a density p, which satisfies

∂tp(t,T , x , y) + b · ∇xp(t,T , x , y) + Lα
x p(t,T , x , y) = 0, ∀(t, x) ∈ R+ × Rd

As a solution to this PDE, p also satisfies

p(t,T , x , y) = pα(t,T , x , y) +

∫ T

t

Pα
s−t [b · ∇p(·, ·,T , y)](s, x)ds.
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Mild solutions to the PDE

Definition

u is a mild solution to the Cauchy problem C(b,Lα, f , g ,T )

(∂t + b · ∇+ Lα) u(t, x) = f (t, x) on [0,T )× Rd , u(T , ·) = g on Rd ,

if u ∈ C0,1 with ∇u ∈ C0
b([0,T ],Bθ−1−ε

∞,∞ ) for any 0 < ε ≪ 1 and for

θ = β + α− d
p − α

r , and if u satisfies, ∀(t, x) ∈ [0,T ]× Rd ,

u(t, x) = Pα
T−t [g ](x)−

∫ T

t

Pα
s−t [f − b · ∇u](s, x)ds. (2)

−→ Parabolic gain is now θ, yielding the condition on β (paraproduct rule) :

β + (θ − 1) > 0

⇐⇒

β >
1− α+ d

p + α
r

2
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Martingale solutions to the SDE

Definition ([Ethier and Kurtz, 1986])

A proba measure P (with its canonical process (Xt)) is a solution to the
martingale problem associated with (b,Lα, x) if

P(X0 = x) = 1

∀f ∈ C([0,T ],S(Rd ,R)),∀g ∈ C1(Rd ,R) s.t. ∇g ∈ Bθ−1
∞,∞,(

u(t,Xt)−
∫ t

0

f (s,Xs)ds − u(0, x)

)
0≤t≤T

is a martingale under P, with u a mild solution to the Cauchy problem
C(b,Lα, f , g ,T )
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Existence and uniqueness of solutions

Theorem ([Chaudru de Raynal and Menozzi, 2022])

Assume

α ∈

(
1 + [ dp ]

1− [ 1r ]
, 2

]
β ∈

(
1− α+ [ dp ] + [αr ]

2
, 0

)
, (GR)

Then, the formal SDE

dXt = b(t,Xt)dt + dZt , X0 = x ∈ Rd ,

where

b ∈ Lr ([0,T ],Bβ
p,q(Rd ,Rd))

(Zt)t≥0 is an α-stable symmetric process, α ∈ (1, 2]

admits a unique martingale solution.
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Dynamics of the SDE

Proposition
([Delarue and Diel, 2016],[Chaudru de Raynal and Menozzi, 2022])

Assume

α ∈

(
1 + [ dp ]

1− [ 1r ]
, 2

)
β ∈

(
1− α+ [ 2dp ] + [ 2αr ]

2
, 0

)
, (GRD)

Then, the formal SDE

dXt = b(t,Xt)dt + dZt , X0 = x ∈ Rd

rewrites

Xt = X0 +

∫ t

0

b(s,Xs ,ds) + Zt ,

where ∀0 ≤ v ≤ s ≤ T,

b(v , x , s − v) =

∫ s

v

∫
b(r , y)pα(r − v , y − x)dydr
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Main result

Theorem ([F.,2023])

Let P be the previous solution and (xt)t∈[s,T ] the associated canonical process.

Then, ∀t ∈ (s,T ], xt admits a density p(s, t, x , ·) s.t. ∃C ≥ 1 : ∀(x , y) ∈ Rd ,

C−1p̄α(t − s, y − x) ≤ p(s, t, x , y) ≤ Cp̄α(t − s, y − x),

|∇xp(s, t, x , y)| ≤
C

(t − s)
1
α

p̄α(t − s, y − x),

where p̄α(v , z) =
Cα

v
d
α

1(
1+ |z|

v
1
α

)d+α , v > 0, z ∈ Rd

This also gives the following logarithmic gradient estimates :

|∇x log p(s, t, x , y)| =
|∇xp(s, t, x , y)|
p(s, t, x , y)

≤ C

(t − s)
1
α

.
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Main result

Theorem ([F., 2023])

Let P be the previous solution and (xt)t∈[s,T ] the associated canonical process.

Then, ∀t ∈ (s,T ], xt admits a density p(s, t, x , ·) s.t. ∃C ≥ 1 : ∀(x , y , y ′) ∈ Rd ,

|p(s, t, x , y)− p(s, t, x , y ′)| ≤ C |y − y ′|ρ

(t − s)
ρ
α

(p̄α(t − s, y − x)

+p̄α(t − s, y ′ − x)) ,

|∇xp(s, t, x , y)−∇xp(s, t, x , y
′)| ≤ C |y − y ′|ρ

(t − s)
ρ+1
α

(p̄α(t − s, x − y)

+p̄α(t − s, x − y ′)) ,

for any ρ ∈ (−β, γ − β), where γ := β − 1−α+α
r +

d
p

2 > 0
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Thermic characterization of Besov spaces

Proposition ([Triebel, 1988])

For ϑ ∈ R,m ∈ (0,+∞], ℓ ∈ (0,∞],Bϑ
ℓ,m(Rd) =

{
f ∈ S ′(Rd) : ∥f ∥Hϑ

ℓ,m,α̃
< ∞

}
,

where :

∥f ∥Hϑ
ℓ,m,α̃

:= ∥ϕ(D)f ∥Lℓ +


(∫ 1

0

dv

v
v (n− ϑ

α̃ )m∥∂n
v pα̃(v , ·) ⋆ f ∥mLℓ

) 1
m

, m < ∞,

sup
v∈(0,1]

vn− ϑ
α̃ ∥∂n

v pα̃(v , ·) ⋆ f ∥Lℓ , m = ∞,

=: ∥ϕ(D)f ∥Lℓ + T ϑ
ℓ,m[f ],

where ϕ(D)f := F−1[ϕ] ⋆ f
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Useful inequalities in Besov spaces

Duality inequality :
∀m, ℓ, ϑ, with m′ and ℓ′ respective conjugates of m and ℓ, and
(f , g) ∈ Bϑ

ℓ,m × B−ϑ
ℓ′,m′ ,∣∣∣∣∫ f (y)g(y)dy

∣∣∣∣ ≤ ∥f ∥Bϑ
ℓ,m

∥g∥B−ϑ

ℓ′,m′
.

Hölder inequality (product rule) :

∀p, q, s and ∀ρ > max

{
s, d

(
1
p − 1

)
+
− s

}
, ∀(f , g) ∈ Bρ

∞,∞ × Bs
p,q,

∥f · g∥Bs
p,q

≲ ∥f ∥Bρ
∞,∞∥g∥Bs

p,q
.
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Smooth approximation of the drift

Proposition ([Chaudru de Raynal et al., 2022])

Let b ∈ Lr − Bβ
p,q with β ∈ (−1, 0], 1 ≤ p, q ≤ ∞. There exists a time-space

sequence of smooth bounded functions (bm)m∈N s.t.

∥b − bm∥
Lr̃−Bβ̃

p,q
−→
m→∞

0, ∀β̃ < β,

with r̃ = r if r < ∞ and for any r̃ < ∞ otherwise. Moreover, ∃κ ≥ 1 :

sup
m∈N

∥bm∥Lr̃−Bβ
p,q

≤ κ∥b∥Lr̃−Bβ
p,q
. (3)

We will compute uniform estimates on the density of the mollified SDE

dXm
t = bm(t,Xm

t )dt + dZm
t
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Duhamel expansion

We have

pm(s, t, x , y) = pα(t−s, y−x)+

∫ t

s

∫
pm(s, u, x , z)bm(u, z)∇zpα(t−u, y−z)dzdu

(4)
Denote, for fixed (s, x) ∈ [0, 1]× Rd ,

hms,x(t, y) :=
pm(s, t, x , y)

p̄α(t − s, y − x)
.
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Besov duality

The Duhamel expansion (4) yields

hs,x(t, y) ≤ C+

C

p̄α(t − s, y − x)

∫ t

s

∣∣∣∣∫ hs,x(u, z)b
m(u, z)p̄α(u − s, z − x)∇pα(t − u, y − z)dz

∣∣∣∣du
Duality :

hs,x(t, y) ≤ C +
1

p̄α(t − s, y − x)
×∫ t

s

∥hs,x(u, ·)bm(u, ·)∥Bβ
p,q
∥p̄α(u − s, · − x)∇pα(t − u, y − ·)∥B−β

p′,q′
du

Product rule : for ρ > −β (i.e. the paraproduct rule condition),

hs,x(t, y) ≤ C +
1

p̄α(t − s, y − x)
×∫ t

s

∥hs,x(u, ·)∥Bρ
∞,∞∥bm(u, ·)∥Bβ

p,q
∥p̄α(u − s, · − x)∇pα(t − u, y − ·)∥B−β

p′,q′
du
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Besov norm of hs,x(u, ·)

Product rule : for ρ > −β (i.e. the paraproduct rule condition),

hs,x(t, y) ≤ C +
1

p̄α(t − s, y − x)
×∫ t

s

∥hs,x(u, ·)∥Bρ
∞,∞∥bm(u, ·)∥Bβ

p,q
∥p̄α(u − s, · − x)∇pα(t − u, y − ·)∥B−β

p′,q′
du

Recall that

∥hs,x(u, ·)∥Bρ
∞,∞ = ∥ϕ(D)hs,x(u, ·)∥L∞ + T ρ

∞,∞[hs,x(u, ·)]
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Thermic part of ∥hs,x(u, ·)∥Bρ
∞,∞

Lemma

∀0 ≤ s ≤ t,∀x ∈ Rd ,∀ρ > −β,

T ρ
∞,∞[hs,x(t, ·)] ≲

1

(t − s)
ρ
α

×(
1 +

∫ t

s

∥hs,x(u, ·)∥Bρ
∞,∞∥bm(u, ·)∥Bβ

p,q
×

∥p̄α(u − s, · − x)∇pα(t − u, y − ·)∥B−β

p′,q′

[
(t − s)

ρ
α

(t − u)
ρ
α

+ 1

]
du

)
.

→ Gronwall lemma on gs,x(t) := ∥hs,x(u, ·)∥L∞ + (t − s)
ρ
α T ρ

∞,∞[hs,x(u, ·)]
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Accounting for the singularities

For all of this to work, we need the following integral to converge :∫ t

s

∥bm(u, ·)∥Bβ
p,q
∥p̄α(u − s, · − x)∇pα(t − u, y − ·)∥B−β

p′,q′

[
(t − s)

ρ
α

(t − u)
ρ
α

+ 1

]
du

→ how does the space Besov norm ∥ · ∥B−β

p′,q′
translate into time singularities ?
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Besov estimates for p̄α

For all of this to work, we need the following integral to converge :∫ t

s

∥bm(u, ·)∥Bβ
p,q
∥p̄α(u − s, · − x)∇pα(t − u, y − ·)∥B−β

p′,q′

[
(t − s)

ρ
α

(t − u)
ρ
α

+ 1

]
du

→ how does the space Besov norm ∥ · ∥B−β

p′,q′
translate into time singularities ?

Lemma

∀0 ≤ s ≤ u ≤ t, ∀(x , y) ∈ Rd , ∀ζ ∈ (−β, 1], ∀j , k ∈ {0, 1},

∥∇j p̄α(u − s, x − ·)∇kpα(t − u, y − ·)∥B−β

p′,q′

≲
p̄α(t − s, x − y)

(u − s)
j
α (t − u)

k
α

(t − s)
β
α

[
1

(t − u)
d
αp

+
1

(u − s)
d
αp

]

×

[
(t − s)

ζ
α

(
1

(t − u)
ζ
α

+
1

(u − s)
ζ
α

)
+ 1

]
.
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Results extensions

Explicit constant

Non-trivial Hölder continuous diffusion coefficient σ that preserves the
condition of non-zero spectral measure on the unit sphere

should work

α = 2, standard Brownian Motion scope

should work, requires full series expansion
[Perkowski and van Zuijlen, 2022] for b ∈ Bβ

∞,1

Does a Euler scheme for such process work ? Currently working on it
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Besov estimates for p̄α

Lemma

∀0 ≤ s ≤ u ≤ t, ∀(x , y ,w) ∈ Rd , ∀ζ ∈ (−β, 1],∥∥∥∥p̄α(u − s, x − ·)
[
∇pα(t − u,w − ·)
p̄α(t − s,w − x)

− ∇pα(t − u, y − ·)
p̄α(t − s, y − x)

]∥∥∥∥
B−β

p′,q′

≲
|w − y |ζ

(t − u)
ζ+1
α

(t − s)
β
α

[
1

(t − u)
d
αp

+
1

(u − s)
d
αp

]

×

[
(t − s)

ζ
α

(
1

(t − u)
ζ
α

+
1

(u − s)
ζ
α

)
+ 1

]
.
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