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Main SDE

We consider the formal SDE
dX; = b(t, X,)dt +dZ;,,  Xo=x € R, (E)

where
e be L'([0, T],Bj ,(RY,RY)) is a Besov drift

@ Z; is a symmetric a-stable process, a € (1,2), with spectral measure
equivalent to the Lebesgue measure on S9—1.

We will denote by L the generator of Z, p, its density and Py the associated
semi-group :

Vo. PO = [ palty = X))y

HK for stable-driven singular SDEs 023 - SDEs with low-reg coeffs




Expectation, heuristics

Take a time homogeneous b.

t
m:&+/m&m+a
0

@ We expect that we can define fot b(Xs)ds if this term is more regular than
the noise Z (which has regularity 1)

e Assume b € C? for some 3 > 0. Then (informally), b(X.) € C%, so we need
1
1+ B > <= a+p>1
o o
_d
o lfbelP C B o = C_%, the same reasoning gives

d
—<a-—1
p

which is consistent with the KR condition % + % <a-—1.
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Expectation, heuristics

For b e L([0, T], B ,(RY, R?)) ~ C? with 3 < 0, this is not sufficient, because
we need to work on the underlying PDE

(8t +b-V+ ﬁa)u(t,X) = f(ta X) on [Oa T] X Rd

where L is the generator of the a-stable noise and f some source term.
@ o+ f >1<= we can define Vu

@ By paraproduct rules, if we want to define the generalized functions product
b-Vu, weneed B+ (f+a—1)>0

e f> 17 (1)

o [Delarue and Diel, 2016] : weak 1D existence and uniqueness under 8 > —32
with structure on b, with o =2

o [Flandoli et al., 2017] : virtual solutions under (1), a =2

o [Athreya et al., 2020] : strong 1D existence and uniqueness under (1)

o [Kremp and Perkowski, 2022] : weak R9 existence and uniqueness under
8> % with structure on b
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Mild solutions to the PDE

Definition

u is a mild solution to the Cauchy problem C(b, L%, f, g, T)
(Or +b-V + L) u(t,x) = f(t,x)on [0, T) x RY, u(T,)=gonRq,

if u€ C%! with VUGCO([O T],BYS1>¢) for any 0 < ¢ < 1 and for
H—a—i—ﬁ— d _a andif u satisfies, V(t,x) € [0, T] x R,

u(t, x) = P2_[g](x) - / P2 [f — b- Vu(s, x)ds. )

— Parabolic gain is now 6, yielding the condition on 8 (paraproduct rule) :
B+(0—-1)>0

<~

l—a+2449
> — 7>
b 2
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Martingale solutions to the SDE

Definition ([Ethier and Kurtz, 1986])
A proba measure PP (with its canonical process (X;)) is a solution to the
martingale problem associated with (b, L%, x) if

o P(Xo=x) =1

e Vf € C([0, T],S(RY,R)),Vg € C}(RY,R) s.t. Vg € BYSL

00,00

(u(t,Xt) - /0 (s X)ds u(O,x)>

0<t<T

is a martingale under P, with u a mild solution to the Cauchy problem
C(b, L% f,g,T)
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Existence and uniqueness of solutions

Theorem ([Chaudru de Raynal and Menozzi, 2022])

Assume
1+4 l-a+d+a
o€ TZ’Q CXS +,0 , (GR)
Then, the formal SDE

dX: = b(t,X;)dt +dZ,,  Xo=x€RY,
where
e be L'([o, T],ngq(Rd,Rd))

@ (Z)e>o Is an a-stable symmetric process, o € (1,2]
admits a unique martingale solution.

B o S Sy GOl
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Dynamics of the SDE

Proposition

([Delarue and Diel, 2016],[Chaudru de Raynal and Menozzi, 2022])

Assume
1+4 1—a+ 242
o€ 1—’1’,2 B e +,0 , (GRD)
Then, the formal SDE
dX: = b(t, X;)dt +dZ;,  Xo=x € R

rewrites .
Xt:X0+/ b(S,XS,dS)+Zt,
0

where V0 < v <s<T,

b(v,x,s —v) = / /b(r,y)pa(r — v,y — x)dydr
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Main result

Theorem ([F.,2023])

Let P be the previous solution and (Xt)te[s,T] the associated canonical process.
Then, Vt € (s, T], x: admits a density p(s, t,x,-) s.t. 3C > 1:Y(x,y) € RY,

Clpa(t—s,y —x) < p(s, t,x,y) < Cpa(t — s,y — X),

C
|VXP(57 t,x,y)\ < —lpoé(t — S,y - X)7

(t—s)

This also gives the following logarithmic gradient estimates :

[Vxp(s, t, %, y)l C
Vi logp(s,t,x,y)| = < .
| ( )| p(S,t,X,y) (t—S)é

B o S Sy SOl
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Main result

Theorem ([F., 2023])

Let P be the previous solution and (xt)tG[S,T] the associated canonical process.
Then, Vt € (s, T], x; admits a density p(s, t,x,-) s.t. 3C > 1:Y(x,y,y’) € RY,

Cly =yl
ple, %) = ple, .)€ L (pule =1y =)

+poc(t - 5;)’/ - X))a

Cly -yl
|V><P(5a t7X7Y) - VXP(S, taX7y/)| < ﬁ (pa(t — S5 X—= y)

+po¢(t — S5, X— y,))a

d

for any p € (—8,v — B), Wherefy::ﬂ—ﬁ >0

BN VT TEES i for stable-driven singular SDEs
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Euler schemes for singular drifts

o [Bencheikh and Jourdain, 2020] b € L error in TV : h?.

@ [Le and Ling, 2021] b € L9 — LP under %—i—% < 1 condition, strong error rate
hz In(h).

o [Dareiotis et al., 2022] b € L N W/, strong error rate hE -

o [Jourdain and Menozzi, 2021] b € L9 — LP under 4 4 2 < 1 condition, weak

1
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Euler scheme definition

Joint work in progress with E. Issoglio and S. Menozzi.

For be LM — ]Bg’q, we define the Euler scheme as :

tht1
X0, =X0+ (Ze, — Ze) + / /pa(r — ti,y — X{)b(U, y)dydr,
ty

where Uy ~ U([tk, tk+1])-

B o S Sy ol
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Euler scheme definition

Joint work in progress with E. Issoglio and S. Menozzi.

For be LM — ]Bg’q, we define the Euler scheme as :

tht1
X0 = X0 A+ (Zoy — Zo) + / /pa(r — ti,y — Xg)b(Us, y)dydr,
ty
where Uy ~ U([tk, tk+1])-

Recall that the formal SDE dX; = b(t, X;)dt + dZ; rewrites

t
Xt:Xs+/ /pa(r_57y_Xs)b(rv}/)dydr+Zt
s
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Euler scheme density estimates and convergence rate

Proposition (Density estimates for the Euler scheme)

X! admits a density T"(ty,x,t,y), for which
3C > 0:Vh,Vk € {0,....n—1},t € (t, T],x, v,y € RY,

|rh(tk,x7 t?.yl) - rh(t/”X, t’y)|

— YA (t—t)=
<=l (1 2) (Pa(t = ti,y = x) + pa(t — ti, y' = X)).
(t—ty)=
3)
Also, for all0 < k < £ < n, t € [ty, trs1],x,y € RY,

t—ty)a
Mt ) = Pl )] € CE—0p(e—toy =2 (@)

¢ — tk)~

o

= expected weak error rate :
h ol
F7(0,x, t,y) = p(0, x, t,¥)| < Ch=pa(t,y — x)
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Smooth approximation of the drift

Proposition ([Chaudru de Raynal et al., 2022])

Letbe L™ — ]B%g,q with 8 € (—1,0], 1 < p,q < oo. There exists a time-space
sequence of smooth bounded functions (b™)men S.t.

”b - bm”/_;,]BE)q m:zo 0, VB < ﬂa

with F = r if r < oo and for any ¥ < oo otherwise. Moreover, 3k > 1 :

m
sup [67],7_gg, < wlbls_ag, (5)

We will compute uniform estimates on the density of the mollified SDE

AX™ = b™(t, X™)dt + dZm

B o S Sy GOl
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Duhamel expansion

We have

t
pT (s, t,x,y) = pa(t—s,y—x)+/ /p'"(s, u, x,z)b"(u, 2)V 2po(t—u,y—z)dzdu

(6)
Denote, for fixed (s, x) € [0,1] x RY,

p™ (s, t, X, y)
A7 (ty) = o 0]
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Besov duality

The Duhamel expansion (6) yields
hs,x(t;}’) S C+

C t
pa(t—s,y—X)/s

@ Duality :

du

/ hs x(u, 2)b™(u, z)po(u — 5,z — X)Vpa(t — u,y — z)dz

1
—X
pa(t — s,y —x)

t
[ w9870l pals = .- = x)Vpalt = uy =l s du
s ’ P q

hex(t,y) < C+

@ Product rule : for p > —f (i.e. the paraproduct rule condition),

1
hsx(t,y) < C+ ———mM88M—
S,( .y) +pa(t75,ny)

[ s s 1670 Vg = 5= )Vl = e = o

Mathis Fitoussi

X
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Besov norm of hs (u,

@ Product rule : for p > —f (i.e. the paraproduct rule condition),

1
hor(t,y)<CH ———
> ( y)_ +pa(t_57y_x)x

/ et Yz, o 167w g, 1o = 5.2 = X)Vpalt = uy = )l5_s du
Recall that

[[hsx(u; ez, oo = 0(D)hs (s )llLoe + TEL oo [hs x(u; )]
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Thermic part of || hs(

Y0 <s<tVxeRIVp> -5,

1
T hsx t,- S—P
%,00lhs x(t;-)] TS

(1+/ V(s e, _ (17 (o,

llpa(u — s, — x)Vpuo(t — u,y — )||]B s [(t s)

u, )H]B’;x

)”]Bﬁ’qx

p\b IS

(t—u)

—1—1] du) .

— Gronwall lemma on gs ,(t) := || hs «(u,

Mathis Fitoussi

e +

HK for stable-driven singular SDEs
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Accounting for the singularities

For all of this to work, we need the following integral to converge :

/ 1576 lgg e — 5.~ 0Vl — 1y — s {((t; 1] du

— how does the space Besov norm || - |[;-5 translate into time singularities ?
pq’

B o S Sy ol

023 - SDEs with low-reg coeffs



Besov estimates for p,

For all of this to work, we need the following integral to converge :

P
t—s)a
J 1670 ag s = 500 Vol =y =l =
p'a (t— )04
— how does the space Besov norm || - |[;-5 translate into time singularities ?
pq’

e V0<s<u<t Y(xy)€RI Ve (-B1]Vjke{0,1},
IVipa(u—s,x = )V¥pa(t — u,y — ‘)||m;—,5,

- pa(t—s7x y) . s 1 N 1 ]
~(u—s)a(t—u)a (t—u)s  (u—s)or

¢ 1 1
X —5) 1
[(t ) ((t—u)i i (u—s)i> i

v
= = = T

B o S Sy SOl
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Besov estimates for p,

e V0<s<u<t Y(x,y,w)eR? Ve (-51],

vch(t —uw-— ) _ Vpoz(t —uy - )
ﬁa(t—S,W—X) ﬁa(t_say_x)

lw —y[° ] 1 1
S ml(t—s)e =t =
(t—uw)er  (u—s)or

pa(U—S,X—-)|:
]B/ /
o’.q

X
—
—
~
|
n
N—r

Q~
/
—~
~
| [
<
N—r
QU
+
—~~
<
-
wn
N—r
QU
N—
_|_
—
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